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PC P fo r N EXP Non-Deterministic Exponential Time has

Two-Prover Interactive Protocols

So 1C<x\' we constructed Pehs for NP :  LészIo Babai gl Lance Fortnow i&; Carsten Lundl
c PCP[ &-o0,6=Y% 5 -{oi] L=expln), q= O(l) r=poly(n) ]
NP < PCP [ &0, &=, X ={o1}  £=pely(n), q= poly(iogn) , =OClogn)]
Today we construct o PCP for NEXP :

theorem: NEXP € PCP[€.=0, 5,2 = {0y} £=expn), q =poly(n, r= poly(n):l

oly (n)
‘e {'D,,}"_7 Te {o' |}exP(n) 724 X e {o,l}‘;:°| -
w e{o1) —> be {0}
exp(n) time pely (v) time

In a prior lecture we proved that PCP < MeEXP , S0 we conclude Yot PCP=NEXT.

c /- exp(h) is the correct regime since the witness and computation have size exp(n)
* 9= poly(n) 1S exPonen’rially smaller than witness and computation size

* PCP verifier time is poly(n) (by definition) , exponentially smaller than original computation

The first example of “VeriricaTiovn Faster THav CompuTATiON'  that we see for PcPe .



Towards Sublinear Verification [1/2]

To achieve Sublinear verification we must:
@ consider & problem where |description|<< | computation |
@ design o PCP verifier that only uses the descripfion (does not “unroll* +he compu’m’rion)

@ We. have Seen examplz.s when Consfrud‘iha Ifc for ”largq, classes

Ex: In #SAT we are given o boolean formula, @: {0}~ {01} ond veN, and must check
; /
Hae’w,ﬁ" | pa)=1}| =V
Ex: in TOBF e Ore givev\ a boolean -formu\o\ ¢: {o,l}"—s {O,l} and myst check
VX\;])(L\)[‘Xg ‘P(X\,...,Xn)}‘\

Tn both coses the description hes size 19| bot the “Computation” has size 219 .

In our lectures on PCR we have not yet considered Such problems .
We have biilt PCPs for NP - complete problems where | description | A | comPui'o’rionI :

QESAT ()= { (pyypm) | T ae F" st p(@)=--= P,,,(Q)=o}



Towards Sublinear Verification [2/2]

To achieve Sublinear verification we must:
@ consider & problem where |description|<< | computation |
@ design o PCP verifier that only uses the descripfion (does not “unroll* +he compu’ra’rion)

(2D The PP ot we designed operofe on the compufotion, not its description:

PCP Tor QESAT(F)

P((p,,...pn),0) V((p,...pn)
l. For every 6 € ﬂ:sez . SamPle S ﬂ:se. ¥ d
( \ s T s compv \na Fv“ Qan
’ Pr = T(P\,..VFM}") 2. COMPV‘Z P" = 0$\1, .. \e. < |Hel T .Ri'm:‘". : A
Yr-rse<He evalu od‘mg Cs Takes
e Tlse[s]:= eval table for f it 3. Run sumcheck to check that Prie)=o:
sumcheck cloim 'P¢(a)=o“ ZHs., 6«-(«,?)6\(“)'3\([3) =0 Time FO,y(m'h)
+ oukpet TheLs) e even i (py.,Pn)
A m=Sv_ Vse (F, Hy, 2Sv,0, 2-(IH.1-1)) has “structvre
2 OU"P\T\' Qf ‘:F 1\ Tl:l J<_/7 VVVVVV w__degree

(The LYE of a:(m1~F.) N Run (individval) \ow-degree. test on Ta:
Viar (F, 5y, Ie121)




Interlude: Cook-Levin Theorem [1/2]

We review the ideas thoat undetlic the Cook-Levin theorem:

theorem: SAT is NP—harcl (VLe NP, L is Polynomial-ﬁme reducible to SAT)

Fix LENP and let M_ be a nondeterministic Turin3 machine that decides L.
For an instance x, M_(x) accepts if and only if xel,

The Pl’oo¥ expresies o valid (and o\ccszpﬁng) execution of M (x) as o SAT instance Q.

So let vs rview nondeferministic Turing machines. ——
90 aabcabo‘cuuuum
A nondeferministic Turing machine M is specified by: 5
% clalblc|alblalec|v|v]|w|u
x]_—'x{L,K} - ¥
Q I +[" -F:QXF—),Z N i C'o qmw 9% clalblc|alblalec|v|v]|o]|w
stafes a\l,;\kf:a\- alp?\itd— nondeterministic fef of ll subts) ctart accept r 3
E,Eegj_" ]_':I transition function shafe st 9, clalolclalbloale [olulo]a
| K7
9s clblalc|alblalec|v|v|u]w
. L state phn conn [ Y
A con?iaurod‘\on of M is ((‘]/J/ - ) //den-.m-.m % clblcclalblelc[=[=[=]=]

We encode the configuration as a si'rins #6’.6161#

9 |¢
pu
9
o
N
C
C

where j is the Ffirst Symbol of a3 in =00 . 9. clbla]elb




Interlude: Cook-Levin Theorem

[2/2]

A compufation frace of M(x) is a valid list of configurations starting from (Qo,!, Xuu-).

We design @ st @(2)=1 € 2 i & (bookan encoding of ) Computation trace of M(x) that accepts.

Suppose M(X) Fung iIn time T (# of ConQigurod'ionS) ond space S (|0n3Q3‘|' encoded con?isuroa‘ion).

The variables are {z‘ii,;\,q-}iem where 3= Qul vi#}

jels] €2

The SAT {:ormula CP has 4 PQrT S: (P= (?ce“ AN Qo N Broe N Yoceert

* each cell contains exactly one symbo) :

?cell = ie/\[T'] 36./[\8] [(Xz 2i,:;,t‘ ) 4\ (3/*\“2 Zi,j,r/\Zi,:\ﬂ: )]
T

* starting configuration is (qo,), X L)
n s-1
(‘)S{m = 2|,|,# A 2|,z, °A(j/==\| 2’»1*:‘,)(:') /\( /\ Z'z:\/l-') A Z‘\,s,#

=043

. endir\s con?igufo‘f ion contains Qe *

= z_.
Q«C«P" :,ev[ S 'J T; Jd Y} q aceept

e each 2x3 window is Iegal:

?movz = /\ /\

( Zija AZigb AZine
1$ICT KRS 1T 2\ VA Zig jad A Zinje A2y e

) w
e B

o

o

o

ble

ald|c

2 3 4L G5 6§ F - S
Qo Xo a = X U — ¥
a X - Xa L3 b 4
& C 9s =~ Xn b L
#
o|b|c 8-
d[e]f] ¥
#
Qe %
) B ) B - W
B B B - #w

) where W is the set of legal -windows,



A NEXP-Complete Problem [1/2]

mneN , o: o
def: OsAT = {(Vn,n/cp) P

= {0} boolean formula }
3A: 0V~ {01} ¥welo]" ¥ wevelo) © (W, Ve, ¥5, AOV), A(v2), A(Vs)) =0 .

claim:  OSAT is NEXP- complete

.P.'ﬂ SUFPOSQ thot L€ NEXP ond let M be & NEXP machine deciding L.
Let x be an input to M,

By the (Cook-Levin Theorem (g sar-3saT reduction) , can reduce (M,x) to a 3ANF &, st
+ 3 has Ny= 2P variables (and A= 27" Clauses ),

¢ M(x)=1 <« AA:[NI={01} &,(A)=].

Set n=logNy =poly(ixi) , and relabel [M] as {o 1",

Moreover, 3 poly(Ix|)-size circuit D:{o ™" = {01} +hat specifies 3,5 clavses:

DV Ve V5,0, 6, G) =1 ¢ B, contains clavse Vi, (X, @¢i)

Therefore Mix)=I < 3 A:{o ¥ ={o} s+

Y,y eflol” Yoo Gelol) Divivevs e, G) A <|\3/| A(vi)e C, ) =0.




A NEXP-Complete Problem [2/2]

mneN , o: o
de_(-': OSAT := {(Vn,n/q) ?

= {0} boolean formula }
3A: 0V~ {01} ¥welo]" ¥ wevelo) © (W, Ve, ¥5, AOV), A(v2), A(Vs)) =0 .

claim:  OSAT is NEXP- complete

.P‘ﬂ [ continved ]

Therefore Mx)=I < I A:{o1} {0} s+

Yy efod” ¥a 6 Geloll Divive s, c ¢ ¢)Aa (|\3/‘ A(vi)e ¢ ) =0 .

Reduce the boolean circvit Dy to o boolean formula Y Lo, )" 7™ S0} with
m= 05 =poly(ixt) and [¥d=00DJ)= poly(ix) s t.

U
¥V\,V1,V3€{O,l}" ¥ ¢,¢,ce{0) DdviVay; €,G,G) =1 & Aw'efo " ey ¢, G, W) =1

. 3
Define q>(w, v‘,vz,vgla.,az,a;) = \H( v.,vz,v-,./c.,c,,cs,w') AN (l\__/| Q@ ci)
where w=(C,C2,CsW") €{0,)}" and m=3+m'.

Tn sum, MK)=1 < JA:{o)} =01} s
Fwelo" My, vV, el @(w,vivevs, A(v),Alv) Alvs))=0. |



Part 1: Arithmetization of OSAT

claim: There is o polynomial-time transformation T st.

® T(ﬂ:,(m",?)) OU+PV‘|'S a circvit  §: BT s 191l and d"-%m(a))‘lq)'

@ (m,n,9) € OSAT <> 3 multilinear A: F-F st

- l;ooleanify: A is boolean on {o/|}h

— 2ero on subcube: ¥ wefon)" Y wvevs € {0 B(w,vivavy AW, AlV) A(3)) =0

PVOO&:
The transformation T ouvtputs ® := arithmetize (F @)

This ensures that |<’I\9|$|q>| and degm(a;)slq’l and @E? on every boolean input.

. . n . .
Compereness: it A:{ol}'> {01} is a witness for (mn,®) € OsaT +hen
o . \ ey .
A = "multilinear extension of A ‘ safisfies the booleanity and the 2ero-on-subcube conditions.

Sounoness: il (m,n,@)g OSAT then ¥ mwltilinear A:F'>F

either A is not boolean on {0,‘}"
or Iwe {0,'}M 3 Vi, V2, V3 € {0,\}“ @(W,Vl,vll\é,A(VI),A(VZ)/A\(\@)) = <P(W,V\,Vz,Vgl'&(Vt),A(VJ,A(Vg)) +0. B




Part 2: Zero-on-Subcube Test [1/3]

Given oracle access to £ FSF that is S-close fo ? ol individval degree d
check that :H =0 LESF

Tdea #]: query F ot every point in H and check it ©

. e yh
Problom: if even 4 corruption is in H

A — {'QSJF IS hot Sov
H\en test may accepi‘ W.p. 4 even iF {.‘ .ot sound

0
H"gé

Ldeo#2: locally correct the value of £ of every point in H" (and check ¥ o)

n

P’roUQW\: “’”

is +oo many queries

Tdeo#2:  ryn sumcheck Proi'oc0| on sum of Squares Za GH.\HQ)I’-’O

Problam: for every finte fidd F 2Zict=0 % Vi G=0 over F
Tf char(F) 20 (eg. [ is finite) then +the implication does not hold over .
The implication holds for some fields with char(fF)=0 (eg. Riand @ bot not C),

10



Part 2: Zero-on-Subcube Test [2/3]

Given oracle access to £ FSF that is S-close fo ?o\\- individval degree d
check  thod- :HH"E 0. f:F'>F

v

final Tdea: randomized reduction o Sumcheck

Let int: H—={o1,.,IHI-1} be an efficiently compvtable bijection,
Consider i N
e e polynomial = £ Bla, a0 MO X

Qy,...,Qn€H

IL Flpr=o then g=o.
IF ?lH“?FIO then q#0 , S0 Pr [3(0~ ) = o]<n IHI-1)

@, 0n€ lig
Hence it <uffices to check that 2 F Q.,...,an) g " gimtian f:or random ;,...6 € FF
Q,..,Ga€H
A int (0)
To make the addend a polynomial: VoeF define T (x):= ZH a (Q'LQ,H(X),
o€ /I\

a-th Lagrange
P°|)’ nomial - over H

In sum it suffices 4o run sumcheck on this claim:

2 16 ey Q) ) @ (a) - & (o) for rondom 6,.,0ne IF.
O, ..,0n€H




Part 2: Zero-on-Subcube Test .l [3/3]

d-close to fefF LX,,.. Xn]
5.2

_Y, w=0 : "_’ﬂ:
P(F,H,n/“:) |H V‘F “: (ﬂ:,H,h,d)
For every i, anelF: [ \ Samp\e 7gi,.., 0 € [F.
outpvt eval table Tse[6,..5) of i } Run sumcheck for the claim:
'ﬂ' <
IP prover {-‘or sumcheck claim { * Q‘%eﬁ(“" o) W “-(“) ©.
2 -@(Q.,...,o.,,)'. % (@) =0
Q,.,Gn€H e \ 1 AN FF“ VSC(H: H n,o, d)
\ Nddmv sstgre
I — 1
prook length: [ Tc| = IfFI"™ O(IFI™ (IHl+d)) =IF "™ (HI+d) (g, =D fl8,5- T 6its)
quety complexity: . Query £ at (8,-,90).
* I Queties 10 Tse (each retrieving  |Hl+d elts) 2. Tor every ie[n]: evalvate G ot ¢;.

+ 4 random query to §

verifier time: Poly(n,lHl,d) for Yoo + n-poly(IHl) to evalvate {&i}iq,

CoMPLETENESS: |f ¥E§A§

n=0 then Y6, .6 cF {-'(o., ,an)-'Tr(a.) 0 So Vg accepts wp.1

H Qy,...0neH
Sounwess: if A(E)eSA L {nEO Then  except wp. & = ("“'i" ) over .. mef, X ’ fla,, ) L& 020,
Qy,.. &€

SO \{sc (LCCQP"’S W.p. € n- (u—:\ﬂ-‘l‘ +d) +0 (regardless of PcP string ).
12



Putting the Two Parts Together

P((m,ne) A)
I. Compute §:=T(F,(mn,g)).
2. For evety ¢ e F".

ovtput sumcheck proof T [0] for
>, A2)(Al)-1)-TT§i(a)=o0.

Q& {o, "

M‘\'37\
3. For every o0eff

o\)’rp\ﬂ' sumcheck Proo('- T (6] for

Z ?(W LAY N3, Alv) A(VJ A(Vg)) T 0’(%) 0

Q= (U Vi vl’vs) i€ [m+3n)

4 Ou+pu+ AEF os Ta.
(The multilinear extension of A:{oi={o1})

-~

e L]
T 1) el
o'
2 anﬂ’h

_FE-

T-T4.

V((m,n, o)
|. Compvi‘a $==T(]F, (M,V\,?)).

2. Somple ce " and run sumcheck for

S Ala)(Alo)- l)TF §i(ai)=o0 .

3, Sample ce F™

ae{o, "
Vsq(lf,{oﬂ n,o, 3)
fid ain chrs Sum d eqree
¥ ¥
(g'r"/g'\) ©

* qwery Ta at (8. gn)
« for every ie[n1: eval &(x) ot ¢

" and run sumcheck for

2 (e 5, Rt Ay, Re)- T Gildi)=0
Q“(WV:V;V,)
e{o,}msn

VelE oo o g1

vars g N\ ﬂrQQ

(g' /?n-m\) =>

(1\)€|’)/ Ta at (gm+l, ,gw\ﬂ\)
ghﬂ\*‘: :gm-}Zt\‘

(gmu\u, -1 mtan)
'{’o\- every i1elm3n]: eval & ot ¢

seval § at (g,,.,9,n43n,005, 0nS; ans,)

LV (F,n, |nd<3)

VN’

13



P((M,V\,Q), A) V((mlh/¢))

AnaIySIS . Compvte §=T(F,(mng). |. Compute Q=T(F,(mng)).
2.For every Tef™ 2. Soample e " and run sumcheck for
ovtput sumcheck proof T (0] for r ﬂ a‘%‘} A()-(Ala)-1)- I 6’.(0\.) 0.
{r 7
N | [ P T
3. For every oe e ) /7
A \ (gl,“,g‘) l:> C‘UQ.I")’ Ta of (g|, gn)
ovtput sumcheck proof T (o] for $ « for every ie[n: eval &(x) ot ¢
®
a% vq:l(w Vo, V3 Avi), A(vy), A(V)- Z{m 9; i (ai)=0 T[] 3 SQ"‘F\Q ceF™™ and run symcheck Sor
e%@'}m’;:) L TJ)re Ft 5=
A o - . (wv?)(w Va3, Atw, A, Aw) T G 5 (0:)=0
4, OU+PU+ A:fE=[F os Ta. T, “:_z 61'01}"‘:33\
LIEITET CEa i Rl T4 o V“(gif ol "3’2?" ©,191x)
(g‘ ?maa) ©

Q\)el'y Ta af (gM+l, ,?m\)

ottt - Sma 2n

gM-\"U\-\-\, ,Zmay\)
{-’or every iclme3n]: eval 6 ot ¢

ceval § at (g,.,93n,005, OnS, ansy)
)} = Of))
L V2 (F, n, ind< 1)

degree.

o soundness ertor

max { €,,(8), 48 + O (12) o tur2nl el
. P"°°{: |°-"C.l‘“'\ (in Pied lemen-\'s)
n +3 m '\ o m
Il + T = [FU I 00 )4 IR O(IF1™ ™ g1) = [ (7 = gPo i)

¢ query complexity

setting |FFl= poly (i)
(14349057 )* 1~ 00) + (mean)+ 9] = poly(n)+polyie1) = poly (1o efting IFi=poly

e verifier HMC (i field operations)

poly(1@1)+ poly(w + polylien +E, . = poly(iel)

14
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